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Abstract Fidelity for the spin part of states of two spin—% particles is investigated from the
viewpoint of moving observers. Using a numerical approach, the behavior of the fidelity in
terms of the boost parameter is described for different amounts of spin entanglement and
momentum entanglement. It is shown that for the spin entangled states the fidelity decreases
less than that of the case of spin product states and there are special cases for which the
fidelity remains perfect regardless of moving observers’ velocity. Generally, in the limit of
boosts with speeds close to the speed of light, the fidelity saturates, i.e., it reaches to a
constant value that depends on the amount of momentum entanglement and the width of the
momentum distribution function.
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1 Introduction

The role of special relativity in framing statements about quantum information is illustrated
by the fact that quantum entanglement can depend on the reference frame of the observer.
In practice, Lorentz transformations can change the entanglement of the spins of massive
particles. One of the early works in this area has considered a single free spin—% particle
and by calculating the reduced density matrix, it is shown that the spin entropy is not a
relativistic scalar [1].

The entanglement between the spins of a pair of particles may change because the spin
and momentum become mixed when viewed by a moving observer [2]. Li an Du have inves-
tigated the quantum entanglement between the spins of spin-% massive particles in moving
frames, for the case that the momenta of the particles are entangled [3]. They have shown
that, if the momenta of the pair are appropriately entangled, the entanglement between the
spins of the Bell states remains maximal when viewed from any Lorentz-transformed frame.
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Recently, simple examples have been presented of Lorentz transformation that entangle
the spins and momenta of two Spil’l—% particles with positive mass no sum of entanglements
have been found to be unchanged.

Bell’s inequality in moving frames has been considered in several papers [4-8]. The
degree of violation of Bell’s inequality will decrease with increasing the velocity of the
observers if the directions of the measurements are fixed. However, this doesn’t imply a
breakdown of nonlocal correlation since the perfect anti-correlation is maintained in the
appropriately chosen different directions.

In this article we are going to study the effect of Lorentz transformation on the fidelity
for the spin part of states of two spin-% particles. The concept of fidelity is a basic ingredient
in communication theory and for any given communication scheme the fidelity is a quanti-
tative measure of the accuracy of the transmission. In our argument the fidelity measures the
similarity between spin parts of a state as observed in a boosted frame and the same state
as observed in the laboratory frame. We argue on the spin product states and spin correlated
states, separately, and for each case we consider the momentum part of state to be in two
extreme cases of momentum product or perfectly correlated momentum.

2 Spin Fidelity under Lorentz Transformation

We investigate a bipartite state that in the momentum representation, as viewed from the rest
frame of an observer, is denoted by

ly) = Z//d3pl d’P2 8010, (P1, P2) | P1, 013 P2, 02), (D
0107

where p; is the four-momentum for the ith particle, and o; denotes the spin of the particle
(i =1,2). g5,0,(P1, P2) is the momentum and spin distribution function normalized as

Z//d3pl d’p2 18010, (P1. PP =1, 2

a107
provided that (p, o{; p5, 031p1, 015 p2,02) = 8 (P} — P1) 8° Py — P2) 856, 8o}, -

For another observer in a Lorentz transformed frame, the state appears to be transformed
by the unitary operator U (A ® A). Therefore, the state as viewed by this observer is

. (Ap)° [(Ap2)°
W=y fd3p1/d3pz | = [ 8010, (P1. P2)
o1020]0 Py P2

X Dyt (W(A, p1)) Doy (W(A, p2)) |AP1, 015 Ap2, 03), 3

where Dy, (W(A, p;)) is the unitary representation of the Wigner rotation operator. Any
Lorentz transformation can be written as a rotation followed by a boost. It turns out that trac-
ing over the momentum after a rotation will not change the spin entanglement [9]. Therefore
we can look only at pure boosts. Without loss of generality we may choose the boost in the
z direction with a given velocity V = tanh 7.

In this section we are going to calculate the fidelity between the spin parts (called as spin
fidelity) of the states |y) and |1/~f) in some different cases of spin and momentum entangle-
ment. To do this we need to the corresponding reduced density operators ¢ and ¢ obtained
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by taking the trace over the momentum of p = |) (| and p = |1/~f) (1/7|, that is

[ / / &prd’P2 8olo; (P15 P2ES, 0, (P1 P2), )

and

Qolaz ooy — Z Z //d3pld3p2

" n_m
of 0'”0'”(7/

X[ Do (W (A1, p1)gogiog (01, 82) Doy (W (A2, p2) |

192
X[ Doy W (A1, pIojos B1 D) Doy WAz p2)) | (5)

where the elements Dy, (W (A, p;) are given by (9). To calculate the spin fidelity we use
the relation [10]

Fo=[Tr(Ved)] = (Vir + Vi + Vi + i) ©)

where vy, v,, v3 and v, are the eigenvalues of Q.
In the rest frame of the observer, the four momentum of a particle moving with a veloc-
ity v, can be written as

p" = [mcoshé&, msinh&(cos ¢ sinb, sin ¢ sinb, cosH)], (@)

where tanh & = v. In the following, we suppose that particles are moving along the x-axis,
ie., 0= % and ¢ = 0, then the four momentum reduces to

p" = (mcosh&, msinh&, 0, 0). ®)

This means that p has only one non-zero components p' = msinh&. Now, for the case of
spin-— particles with the same mass m, we have for each particle

cos% —sin%
D(W(A,p»:[ 2 A } ©)
siny  cosx
where
Q cosh%cosh%
Ccos — = T (10)
2 [%—{—%coshncosh%‘]?
and
. Q sinh%sinh%
sin — = . (11

1,1 i
2 [5 + 5 coshncosh&]>
2.1 Spin Product States
These states are characterized by 8,,16,,+ as the spin part of the distribution function. We

investigate these states in two extreme cases of momentum product and momentum corre-
lated.
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2.1.1 Momentum Product State

In this case we choose the momentum and spin distribution function as

8010, (P1, P2) = f(P1) S (P2)861180515 (12)

where

1 L (p] ’
S = )%\/a(p,?)a(p?)exp [—5<;> } (13)

T

where p! = msinh&;. Note that the parameter « determines the width of the momentum
distribution function. Substituting (12) in (4) and (5), it turns out that the matrix oo has only
one non-zero eigenvalue 04444, that is

Ot = / d’py / d’pal F PO P2) PID14 ()P D44 ()]

Q4 Q0
= CcOS — CO0S —, (14)
2 2

where the overline is defined as X = f d’p| £ (p)|*>X (p). Then, assuming that particles move
with the same velocity, that is & = &, = &, the spin fidelity is obtained as

4y | [ 22 cosh? Zcosh?é |’
Fy(n) = — / d& e’ """ coshf ———= 2 . (15)
b4 0 (3 + 3 coshncosh§)

where y = 2 designates the ratio of mass of the particle to width of the momentum distri-
bution function. There is no analytical solution for this integral, however some important

result can be obtained by applying a numerical approach. Figure 1 shows a numerical sketch
of Fj in terms of 1 for two values of y = 1 (the upper curve) and y = 0.1 (the lower curve).

2.1.2 Perfectly Correlated Momenta (Entangled Momenta)

In this case we choose
o0, (P1, P2) = | f(PDIVE¥(P1 — P2) 8518051, (16)
which as substituted in (4) and (5), leads to the following expression for the spin fidelity

cosh? 3 cosh? %
+ % coshncoshé)?’

2]/ h —y2sinh2
Fs(n)=ﬁ/0 dg e hgcoshé(% (17)

Figure 2 shows a sketch of it for the values of y = 1 (the upper curve) and y = 0.1 (the
lower curve). This figure is comparable with Fig. 1.

It is remarkable that as (15) and (17) imply, for the above discussed spin product states,
as y — 0, the spin fidelity F; approaches to zero. This means that wider the momentum
distribution function, more decreasing the value of spin fidelity.
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Fig. 1 The spin fidelity Fj
versus the boost parameter 7 for
a state comprised of a spin
product part and a momentum
product part. The upper curve is
sketched for the ratio y = % =1,
while the lower curve is sketched
for y =0.1. For a given mass,
increasing the width parameter o
leads to more decreasing of Fj.
Asymptotically, the upper curve
saturates to Fy = 0.865, while
the lower curve reaches to

Fy =0.427

Fig. 2 Fy versus the boost
parameter 7 for a state comprised
of a spin product part and
completely correlated momentum
part. The upper curve is sketched
for the ratio y = % =1, while
the lower curve is sketched for

y = 0.1. The behavior of these
curves is very similar to that of
curves of Fig. 1. However they
don’t really coincide. The upper
curve asymptotically reaches to
Fy =0.870, while the lower
curve nears to Fy =0.443
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2.2 Spin Singlet State
2.2.1 Momentum Product Case
In this case we choose
1
8o10n (pla p2) = f(pl)f(pZ)ﬁ ((Sdmadzi - SJ]LBOZT) s

which as substituted in (4) and (5) leads to
0 0 0

| =
—_
|
—_
oo oo

0

0o -1 1
0

and

Gooso = 3 [ €IS GOR [ @ ol
X (D413 (1) Dy (9) Doy (1) Doy (22)
— Dy (821) D11 (£22) Doy 4 (£21) Do (€22)
Dyt (@) Dy () Dy (@) Doy ()

+ Dy (§21) Dy 4 (822) Doy (§21) Doy 1 (£22)].

Now constructing oo and calculating its eigenvalues, we reach to the spin fidelity

1
Yoo oo oo o
Fs <Q¢¢¢¢ Oyt T Ofiun +'QLT¢T)’

4
which as evaluated by (20) leads to

1
F, = 5 (14 cos Q cos Q, + sinQ sin Q).
Again we assume the same velocity for the particles and so F; becomes
1 —2 —=2
F, = > (1 +cos2” +sinQ )

It must be noted that sin 2 vanishes, then we obtain

L 221 [ ; h h
Fs(ﬂ)=§+%|:/ dée”’z““hzgcoshé( coshn + cosh&
0

14 coshncoshé

(18)

19)

(20)

2y

(22)

(23)

(24)

Now using the numerical approach we solve the integral. Figure 3 shows a sketch of this Fj.

2.2.2 Perfectly Correlated Momenta

We choose in this case

1
8o10n (Pl» p2) = |f(P1)| Sg(Pl - pZ)E (801T802¢ - 601¢802T) 5

(25)

which as substituted in (4) and (5), interestingly leads to a perfect fidelity, that is F; = 1.
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Fig. 3 Fy versus the boost 1.0
parameter 7 for a state comprised
of a spin singlet (or triplet) part
and a momentum product part.
The upper curve is sketched for 0.9-
the ratio y = & = 1, while the ’
lower curve is sketched for
y =0.1. In these cases Fg never
becomes less than 0.5, although
y —0 0.8
F 074
0.6
0.5
0.4 T T T T T T T T T T
0 1 2 3 4 5
n
2.3 Spin Triplet State
2.3.1 Momentum Product State
We have
i 1
8010y (pl s p2) = f(pl)f (p2)_ (aﬂlTsazl + 8(71¢8(72T) ) (26)
V2
which leads to
1 —2 —
szi(l-i-cosﬂ —st), 7

for the case of particles with the same velocity. Recall that sin Q = 0, then we reach to the
same expression (24) for the spin fidelity. So the curves sketched in Fig. 3 describe F; in
this case, as well.

It must be noted that as (23) an (27) indicate, the spin fidelity for the singlet and the
triplet states with momentum product part never becomes less than %, even if y — 0.

2.3.2 Perfectly Correlated Momenta

1
o1 (P1, P2) = | F(PDI*V/83 (p1 — Pz)ﬁ (80118031 + 80,180,1) - (28)

This again leads to a perfect fidelity F; =1 as the singlet case.
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3 Conclusion

We conclude that the behavior of the spin fidelity as a function of boost parameter, depends
mostly on the amount of spin entanglement. Moreover, it depends on the amount of mo-
mentum entanglement and the width of momentum distribution function. Generally, more
decreasing in the spin fidelity occurs for the spin product states in comparison with the spin
correlated states. In the spin product cases, a little difference exists between the behavior of
the fidelity for momentum product state and perfectly correlated momentum state. For both
states the fidelity falls by increasing the boost parameter, can even reach to a zero value.
However, in the spin correlated cases, i.e., singlet and triplet cases, a significant difference
exists between the behavior of the fidelity for momentum product state and perfectly corre-
lated momentum state; for the momentum product state the fidelity falls from unity, though
never becomes less than %, while for the perfectly correlated momentum state the fidelity
remains perfect, i.e., equals the unity, regardless of the boost velocity.
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